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Abstract 

We consider simple extensions of noncommutativity from fiat to curved spacetime. One possibil- 
ity is to have a generalization of the Moyal product with a covariantly constant noncommutative 
tensor 9^ v . In this case the spacetime symmetry is restricted to volume preserving diffeomorphisms 
which also preserve Q^ v . Another possibility is an extension of the Kontsevich product to curved 
spacetime. In both cases the noncommutative product is nonassociative. We find the order 6 2 
noncommutative correction to the Newtonian potential in the case of a covariantly constant 6^ v . 
It is still of the form 1/r plus an angle dependent piece. The coupling to matter gives rise to a 
propagator which is 6 dependent. 
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I. INTRODUCTION 



Noncommuting coordinates were proposed a long time ago as a generalization of the phase 
space of quantum mechanics [l| . The idea was resurrected in the string theory context when 
a decoupling limit was found that yields a noncommutative gauge theory induced by the 
Moyal product 0. From then on its properties were studied in detail and a large amount 
of information on noncommutative field theories were gained 

The main characteristic of noncommutative field theories is that it incorporates non-local 
effects in a controllable way. This is reminiscent of its stringy origin where the gravitational 
sector was decoupled but still left some traces through the noncommutativity. In the quan- 
tum theory particles present a kind of dipole structure while in quantum field theory 
there appears a mixing of ultraviolet and infrared divergences . Another interesting effect 
is that matter fields can feel noncommutativity as a background gravitational field p. 

So there is a good understanding of noncommutative effects in matter and gauge fields in 
flat spacetime. The next step is to incorporate gravity and thus consider curved spacetimes. 
The main trouble we have to face now is how to deal with the noncommutative parameter 
which is usually taken to be constant in flat spacetime. Th is g ave rise to a large amount 
of work to study deformations of general relativity 0, H, H, lld | . Usually noncommutative 
deformations of gravity lead to a complex metric and tangent space groups larger than the 
Lorentz group |9| . Another approach is to replace the diffeomorphism invariance of general 
relativity by a twisted version of it [l(J. Both of these approaches lead to gravitational 
theories which are not simple extensions of general relativity. An attempt in this direction 
considers that the enveloping algebra of the Lorentz group is gauged and volume preserving 
diffeomorphisms are used instead of general coordinate transformations. Gravitational the- 
ories based on volume preserving diffeomorphisms are usually known as unimodular gravity 
theories h|| and a noncommutative deformation of it is proposed in . 

More recently an attempt to derive noncommutative gravity from string theory was pre- 
sented The dynamics of closed strings in the presence of a constant B-field induces a 
gravitational action in the next-to-leading order in the Seiberg-Witten limit and some of 
the three gravitons interaction vertices are derived. It happens that these vertices can not 
be obtained from an action written only with Moyal products and the authors claim that 
this is due to the fact that the Moyal product changes under a space-time diffeomorphism. 

In this paper we present an alternative approach. Instead of implementing diffeomor- 
phisms in the noncommutative setting we extend the properties of noncommutativity in flat 
spacetime to curved spacetime in a way that is as simple as possible. In flat spacetime 
we usually assume that the noncommutative parameter 6^ u is constant and its infinitesimal 
functional variation vanishes. As we shall see, we need only to assume that the functional 
variation of 9^ u is zero since its constancy will be a consequence of preserving translation 
invariance. We then assume the same condition in curved spacetime. Now we obtain that 
9^ v is a covariantly constant tensor and that the symmetries of spacetime reduce to vol- 
ume preserving diffeomorphisms which also preserve 9^ v ' . An alternative extension to curved 
spacetime is to consider the flat spacetime Kontsevich product where 9^ u is no longer con- 
stant but satisfies the Jacobi identities. This condition can easily be extended to curved 
spacetime. 

In our setting noncommutativity can couple to the spacetime geometric tensors. It also 
manifests itself through the coupling to matter by extensions of the Moyal and Kontsevich 
products to curved spacetime. While in flat spacetime both products are associative, no 
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simple extension of them to curved spacetime is found which also preserves associativity. 

We study the consequences of such a proposal finding noncommutative corrections to the 
Newtonian potential in the case where 9^ v is covariantly constant. The correction still has 
the Newtonian form 1/r but with an effective Newton constant. In addition, there is a piece 
which has an angular dependence. 

Section II discusses how we can extend the properties of the noncommutativity parameter 
0ij,i/ f rom fl a ^ spacetime to curved spacetime. We consider the case of constant 9^ v used in 
the Moyal product and the case of a non constant 8 >Ml/ used in the Kontsevich product. In 
Section III we discuss the coupling to matter and how the nonassociativity emerges. Section 
IV is devoted to the study of the coupling of noncommutativity to gravity in the case where 
9^ v is covariantly constant. In the next Section we discuss the linearized limit to find the 
noncommutative correction to the Newtonian potential. Finally, the last Section is devoted 
to some comments and conclusions. 



II. NONCOMMUTATIVITY IN FLAT AND CURVED SPACETIME 

In flat spacetime noncommutativity is described by a constant antisymmetric matrix 
Q^ v which has the same value in all inertial frames and leads to a breakdown of Lorentz 
invariance. Let us consider this in more detail in order to be able to find which properties 
from flat spacetime can be generalized to a curved one. Let us promote 9^ u to a tensor under 
Lorentz transformations and perform a general coordinate transformation with infinitesimal 
parameter £ M 

SO*" = £ A d A 0^ - d x £»9 Xv + dxftf*. (2.1) 

Recall that 59 fJ-u stands for a functional variation of 9^ at the same point and we are going 
to require its vanishing. For a rigid translation £ M is constant and we get d x 9v = so that 
all components of 9^ v are constant. For a Lorentz transformation ^ = A^ u x u we get 

A^ x 9 Xu - K v x e x » = 0. (2.2) 

For instance, if the only nonvanishing component of 9^ v is 9 12 then Lorentz boosts in 3- 
direction and rotations in the 1 — 2 plane are still preserved as well as translations in any 
direction. 

There is one more transformation which solves 59^ u = and that is 

^ = O^dut, (2.3) 

where £ is a scalar function. Notice that = 0. If we work with curvilinear coordi- 

nates the volume element d 4 x is a scalar density of weight 1 so that it is invariant under 
an infinitesimal transformation satisfying = 0. Then this is a volume preserving trans- 
formation. However, transformation ()2.3|) is a specific volume preserving transformation. 
Since the commutator of two infinitesimal transformations with parameters £f and £2 gives 
a transformation with parameter £3 = £ x d x £,2 — £ x d\£i, for the particular case ()2.3|) we get 

% = O^d^s, £ 3 = -e^d^Ab, (2.4) 

so that they form a subgroup of the volume preserving transformations. Since 9^ v is pre- 
served by these transformations we get a sympletic subgroup of the volume preserving dif- 
feomorphisms 0]. These residual symmetries are not useful in flat spacetime, even though 
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there are some attempts to use them However, they will be useful in curved spacetime 
as it will be shown. Hence, the requirement that 9^ v be a tensor whose functional variation 
under Poincare transformations vanishes, seems to be a good starting point for generaliza- 
tion. Notice that 59 pu = leads not only to a condition on 9 pv but it also implies that 
Lorentz transformations in some directions are broken. 

Consider now a spacetime whose Riemannian geometry is associated to a metric tensor 
g^ u . Under an infinitesimal diffeomorphism an antisymmetric tensor 9 pv transforms as 

89^ = i x D x 9 pv - D x ^9 Xu + D x £ v 9 Xfl . (2.5) 

We now impose that 59 pu = 0, as in flat spacetime, and we will solve this equation as 
constraints on 9 pv and on the diffeomorphisms. A solution which generalizes the constancy 
of 9 PjU in flat spacetime is that it is covariantly constant 

D\9 tiV = 0, (2.6) 

which implies that 

D x ^9 Xv - D x C9 Xp = 0. (2.7) 

The solution to this last equation is simply (|2.3|) . Notice that = so that there is a 

residual symmetry similar to what happens in flat spacetime. We are left with the sympletic 
subgroup of the volume preserving diffeomorphisms which also preserves a covariantly con- 
stant 9 pv . We would like to point out that this symmetry also appears in another formulation 
of noncommutative gravity which makes use of noncommuting coordinat es Il2l| . 

Another starting point would be the use of the Kontsevich product [17[ instead of the 
Moyal product. In this case 9 pu is a tensor even in flat spacetime and satisfies the Jacobi 
identities 

Q^d x 9 vp + 9 Xv d x 9 pp + 9 xp d x 9 pv = 0, (2.8) 

which turns the Kontsevich product into an associative product. What is remarkable is 
that besides respecting Poincare symmetry 9 pu is left invariant by the sympletic subgroup of 
volume preserving diffeomorphisms for 9^ satisfying ()2.8|) . So the Kontsevich product also 
allows a volume preserving diffeomorphism if 9 pv is form invariant. Even though providing 
an alternative way to implement noncommutativity in flat spacetime its consequences in 
quantum field theories are far less understood than in the Moyal case 

Using the Kontsevich product we no longer have the condition 59 pu = as in flat space- 
time. The generalization to curved spacetime is straightforward since (|2.8|) is covariantized 
as 

9 xp D x 9 up + 9 Xu D x 9 pp + 9 xp D x 9 pu = 0. (2.9) 

This condition now replaces ()2.6|) and we find no further condition on general diffeomor- 
phisms. As in the flat spacetime case we can require that 9 p,v is form invariant and we find 
that volume preserving diffeomorphisms are allowed if use is made of ()2.9|) . 



III. COUPLING TO MATTER 

We assume that the geometric quantities are unaffected by noncommutativity so that we 
can define the Christoffel symbol, covariant derivatives, the Riemann tensor, and so on in 
the usual way. Noncommutativity can appear as in flat spacetime, by replacing the ordinary 
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product by a Moyal product where the ordinary derivatives have been replaced by covariant 
ones. For two tensors T w ... and S Ul ,„ we write formally 

T il: Jr)*S,,Jr) = e^ aPD ^ D ^% x .Sx)S v ^{y)\v= X - (3-1) 

This is a formal definition because the covariant derivatives do not commute and we must 
specify a precise ordering for second and higher order terms in an expansion in 9. 

One of the main properties of the Moyal product in flat spacetime is associativity so we 
would like to retain it in curved spacetime. Unfortunately we could not find any ordering 
which makes the Moyal product in (j3.1|) associative. For instance, defining (j3.1|) up to second 
order in 9 as 

T*S = TS + -9 a/3 D a TD p S - -9 aif3l 9 a2/32 D ai D a2 T D Pl Dp 2 S, (3.2) 
2 8 

(tensorial indices were omitted) we find that 

(T*S)*U - T*(S*U) = ~9 a ^9 a ^ (-^D ai T D a2 S [D^D^U 

+ ^[D^D^T D a2 S D ai U + D ai T [D^D^S D a2 U^j . (3.3) 

Even if we change the ordering in the quadratic term in 9 in (|3.2j) we were not able to recover 
associativity. For instance, if we take the symmetric part in «ia 2 and also in flifa we still 
get the same result ()3.3|) . Other modifications of (|3.2|h like having terms with one derivative 
in S and three derivatives in T, were also tried without success. 

Another possibility would be to consider the Kontsevich product which in flat spacetime 
is associative if (|2.8j) holds. In curved spacetime we generalize the Kontsevich product by 
replacing ordinary derivatives by covariant ones and up to second order in 9 we obtain 

T*S = TS + l -9 al3 D a T DpS - -9 aipl 9 a2P2 D ai D a2 T D^D^S - 
2 8 

_ L e <*iPi D0i9 arf 2 ( DaiDa2TD(32 S + Dp 2 T D ai D a2 S) . (3.4) 

An explicit calculation shows that if we use (|2.9|) one still gets (13. 3|) so the proposed extension 
of the Kontsevich product to curved spacetime is no longer associative. 

The origin of nonassociativity can be traced to string theory. When we consider D-branes 
in curved backgrounds it is known that a nonassociative star product is needed . There 
is nothing wrong with nonassociative products. It just turns life more difficult. We have to 
be extremely careful when writing products since the order now must be clearly specified. 

In flat spacetime the Moyal product of two fields gives the ordinary product of them plus 
total derivative terms. When writing an action, terms in 9 can then be disregarded. In 
curved spacetime this property no longer holds for the Moyal product (|3.2|) . It gives a total 
(covariant) derivative term plus 9 contributions involving curvature terms. So when writing 
an action which is quadratic in the fields the Moyal product gives non trivial contributions 
involving 9. For instance, we can write the action for a scalar field as 
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and expanding as in ()3.2|) to second order in 9 we find 



S 



'—gd A x 



g^d^® - -g^9 a ^9 a ^D ai D a2 d^D 01 D 02 d„<S> 



771 

-m 2 $$ + —9 ai ^9 a2/32 D ax d a2 ^D Pl dp 2 ^ 
8 



(3.6) 



Notice that in flat spacetime the propagators receive no 9 correction because the quadratic 
terms in the action have no 9 dependence. The noncommutative contribution appears ex- 
clusively at the interaction vertices. In curved spacetime we find that the propagators are 
now 9 dependent and are modified by noncommutativity. This is in striking difference with 
flat spacetime. 



IV. NONCOMMUTATIVE GRAVITY 

Since we are leaving the geometry untouched by noncommutativity the only way to study 
its effect in a purely gravitational context is through the coupling to the geometric tensors. 
Recall that 9^ u is a tensor but has no dynamics. It is constrained either to be covariantly 
constant ()2.6|) or by (|2.9jl . For simplicity we will consider the case where 9^ u is covariantly 
constant and consider only the lowest order couplings in 9^ v . Then it couples to the scalar 
curvature as 9^ U 9^ U R ) to the Ricci tensor as 9^9 u x R ll \ } and to the Riemann tensor as 
9^ '9 a pR^va (the coupling 9^ 9 a pR mi P reduces to the former one). Since noncommutativity 
is very small we can assume a perturbative scheme for 9^ v and look for corrections to general 
relativity. If we consider only vacuum solutions of Einstein equations then the first two 
couplings are not relevant and only the third one should be regarded. 

Then we start with the Einstein-Hilbert action plus the noncommutative contribution 

Snc = -^- [ d " x ^9 9^9 a ^R llv J. (4.1) 
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Notice that we need a dimensionfull coupling constant with dimension L~ 6 which can be 
absorbed in 9, so that it has dimension L _1 instead of the usual dimension L 2 . There is also 
a global sign which can not be absorbed in 9 but which can be changed by 9 2 — > —9 2 . 

As discussed in section II, the introduction of a covariantly constant 9^ v reduces the 
diffeomorphism transformations to a subgroup of volume preserving transformations. As 
remarked in the introduction, gravity theories based on volume preserving transformations 
are known as unimodular gravity theories jllj. Since = for a volume preserving 

transformation then the determinant of the metric, which transforms as a scalar density of 
weight —2, is invariant so that detg is constant and usually taken to be minus one. Then 
we have a theory with an absolute spacetime volume element, the modulus. Unimodular 
gravity has many interesting properties. The cosmological constant a ppe ars as an integration 
constant and the action has a finite polynomial form in the metric [20]. Since we can take 
any solution of general relativity and go to a frame where detg = — 1 there is no physical 
difference between both gravity theories 0, 2^]. In our case, the Einstein-Hilbert action 



is invariant under general diffeomorphisms but S^c flUI} is invariant under the restricted 
class of volume preserving diffeomorphisms. 
The equations of motion we obtain are then 

-q {^Rnv — -^g^uR^j — -^9iLv9 px 9 a pRp\a — -9 a ^9^R a p v 1 — -9 al3 9 ul R a i3^ = 0, (4.2) 
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and since the Einstein tensor is covariantly conserved this implies that 

W^9^D a R^ pa - 29^e%D a R Pp = 0. (4.3) 

As we will see, this last equation, together with (J2.6j) . puts stringent constraints on the 
components of 9^ u . 

V. LINEARIZED NONCOMMUTATIVE GRAVITY 

To study the effects of noncommutativity on the gravitational field we will consider the 
linearized approximation and obtain corrections to the Newtonian potential. As usual we 
expand the metric around flat spacetime, g^ u = 77^ + h^. The linearization of ()4.2|) gives 

i [□ V + d^hp" - d'd^Kp - &>d v h w - 77^ (ny - d p d°h pa )} (5.1) 

+ e a(3 e^ {d v d a h p ^ - dTdjifr) + {d„d a v - dw a h^) + 2 Vflu e^e p a d p d a h^ = o, 

while ()2.6|) yields 

+ \ (d,h x ^ + d x h^ a - «9% A ) 9 X ® = 0. (5.2) 

In unimodular gravity we have det g^ = — 1 which, at the linearized level, implies that h pv 
is traceless. Then (J5.1[) gives 

□V - 9 p d^h vp - df>d v hp P + Vpu d^ h pa = 0(6 2 ), (5.3) 

and contracting this equation with rf v we get 

d»d v hp V = 0(9 2 ), (5.4) 

so that (|5.3|) reduces to 

□V - dPdJi vp - d p d v h w = <D(6 2 ). (5.5) 

The first step is to find the solution for the Newtonian potential in unimodular gravity. 
We can either take the solution in Cartesian coordinates 

. , , -2GM , . 

9p,v = Vfiu + Ofiuh, h = — - — , (5.6) 

where r = ^ x 2 + y 2 + z 2 , and perform a coordinate transformation so that det g pu = —1, or 
solve ()5.4|) and ()5.5|) directly with a vanishing rhs. The coordinate transformation is given 
by 

x '0 = x o, x« = ( 1 _ x \ (5.7) 



2, 

Anyway, we find that the Newtonian potential in Cartesian coordinates is given by 

h 00 = h, ha = 0, hy = rtvPh, (5.8) 

where n % = x l jr is the radial unit vector. As required, h^ u is traceless and satisfies d^d v h pv = 
0. 
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Having (|5.8|) as a solution of ()5.1|) to order zero in 9 and first order in GM we can now 
solve ()5.2j) perturbatively in 9 and GM. Then 6"^ must satisfy d^6 a ^ = 0, that is, 9^ v is 
constant. 

We can now find the 9 dependent terms which contribute to g pv . We write g pu = n pu + 
h pi/ + h pu where h pu is given by ()5.8|) and h pu is of order 9 2 and traceless. We then find that 
(|5.3I) reduces to 

i (□ V - (9%/^ - + n^d p d?h p(J ) = (5.9) 

We have also to consider the equation coming from ()4.3j) . Since it is second order in 9 
there is no term with h and we get 

39 al3 9 pa d u d p d a hp a + e aP 9 vl (n<W - ^d a h Pll ) = 0. (5.10) 

Using the field equation for h pu it reduces to 

9 a ^9^d,d p d a h^ = 0. (5.11) 

For z/ = the equation is trivial while for v ^ (|5.11j) yields 

9^9 0k d i d j d k h 0O + 9^ m 9 kn d t d 3 d k h mn = 0. (5.12) 

Introducing the vector notation 9° l = 9\ 9^ = e u , we find the solution of ()5.12|) to be 

9 = ±9. (5.13) 

Then the time-space components of 9^ v are proportional to the space-space components. 
This is to be contrasted with the situation of noncommutative quantum field theories in 
flat spacetime. There the theories with time-space components have troubles with causal- 
ity. This happens because there is no decoupling limit in string theory which generates a 
background with a B-field which has different electric and magnetic components which are 
perpendicular to each other ji) . In our case, the string theory background has a B-field with 
electric and magnetic components which are parallel or antiparallel. In this case the same 
happens, no decoupling limit does exist 21 1 . However, we are now in curved spacetime and 
closed strings need no longer be decoupled. 

We can then go back to ()5.9j) and solve it. We get 

h m = 3G(Ph-G(n-9) 2 h + a(Ph, 
hoi = 0, 

= G5 ij (ft - (n • 9f^j h + G (9 l n j + 0V) (n-9) h + artri&h. (5.14) 

The a dependent terms are proportional to the homogeneous solution ()5.8|) and can be 
absorbed in it so we set a to zero. Then the noncommutative contribution to the metric at 
the linearized level is 

(?oo = 1 + (l + - G{n ■ #) 2 ) h, 

goi = o, 

9ij = _<$v + n v + G5 ij (&-{H- #) 2 ) + G (0W + Pn') n-9 h. (5.15) 
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The effect of noncommutativity on a test particle can be seen by analyzing the geodesic 
equation. As usual, the time component equation relates the particle proper-time r with 
the time x° = t 

dt — 

— = l-h 00 - h 00 - (5.16) 

Then disregarding terms quadratic in the velocity we read off the the potential from the 
space components of the geodesic equation 



d 2 x % 



2 



h + G 



3& 



(n-9) 2 ) h 



(5.17) 



The Newtonian potential has a noncommutative contribution proportional to 9 2 which can 
be regarded as giving rise to an effective Newton constant G(l + |G# 2 ). It can be larger or 
smaller than G (recall that in the action ()4.1|) we can set 9 2 — > — 9 2 ). The angular dependent 
piece (n 



) 2 also contributes to the potential. The force on a test particle is given by 
d 2 x L r „■ -,o\ „• . * „„i h 



dt 2 



n l + 3G 



[n 



n l + 2G(n 



J It 



(5.18) 



Even though the term proportional to 9 2 — (n • 9) 2 looks like a dipole the force still goes 
like 1/r 2 and is radial. This radial correction has a strength given by the effective Newton 
constant discussed before. And the term proportional to 9 produces in general a force off 
the plane of the orbit and is also periodic for closed orbits. Notice that if 9 is perpendicular 
to the plane of the orbit then no periodic effect due to noncommutativity is seen. A better 
treatment, which could be confronted which experimental data, would require to keep general 
relativity corrections which were disregarded in this approximation. 



VI. CONCLUSION 

We have shown how we can generalize properties of the noncommutative parameter 9^ v 
from flat spacetime to curved spacetime in the simplest way possible. It can regarded as a 
covariantly constant tensor or as satisfying (|2.9|) . In the case of a covariantly constant 9^ v 
general diffeomorphisms reduce to volume preserving transformations which also preserve 
9^. This gives a natural explanation for this symmetry which was found in [l2|. 

Simple extensions of the Moyal product or the Kontsevich product to curved spacetime 
lead to nonassociative products. Maybe this is related to the findings of j3| where a structure 
which can not be written in terms of the Moyal product was detected. This means that more 
general deformations, may be along the lines of [23j], must be considered. 

Another interesting aspect is that the propagator in curved spacetime now depends on 9 in 
contradistinction with the flat spacetime case where propagators receive no noncommutative 
contributions. 

In the case of a covariantly constant 9^ u general relativity reduces to unimodular grav- 
ity. In the linearized limit we found a constraint between the time-space and space-space 
components of 9^ v . We then obtained the Newtonian potential in unimodular gravity and 
its noncommutative correction. It still depends on 1/r but has an effective Newton con- 
stant and an angular dependent piece. We have worked in the linearized approximation 
and general relativity contributions should also be taken into account to be able to confront 
with experiments. Cosmological corrections due to noncommutativity may also be relevant. 
Studies in these directions are being developed. 
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